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1 Introduction

1.1 Background

For a large part of its history, applications of quantum theory have been carried out
within the (usually implicit) von Neumanns conceptual framework, in which the exis-
tence of a classical world surrounding the phenomenon under investigation is assumed.
Two factors have changed this: the development of quantum cosmology, which has
created the demand for a more general approach, and the growth in understanding of
the phenomenon of decoherence which has gone a long way to producing such an ap-
proach. As a result we now understand in detail why some subsystems of the universe
behave classically and others do not, and we can thereby demonstrate that, in principle,
a classical world can, with high probability, emerge from the sorts of initial conditions
envisaged in quantum cosmology (Giulini et al., 1996). What we cannot do, however,
is to rule out the emergence with equally high probability of any of a far larger range
of totally non-classical “worlds that would be incompatible with any imaginable form
of life, or the existence of semi-permanent records, because there is nothing in the bare
formalism of quantum theory to prevent this.

The clearest illustration of the need for such an approach comes from current theo-
ries of the early universe, where it is supposed that the universe begins with a homoge-
neous state, from which structure arises through “quantum fluctuations” (Turner, 1999;
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Linde, 2001). In these accounts the initial quantum state of the universe is usually ho-
mogeneous; but the problem then is that, since the Hamiltonian commutes with the spa-
tial symmetry group, the quantum state will remain homogeneous under Schrödinger
evolution, so that without further structure there is nothing to single out the inhomoge-
neous universe that we are in.

The commonest way of handling these issues is to adopt an approach similar to,
though much weaker than, the application of an “anthropic principle in cosmology,
in which it is stipulated that we are only interested in those universes that produce
something that could be identified as a brain (Donald, 1990, 1995) or sensation Page,
2001. But this is not the end of the matter. It has, for example, been suggested (private
communication) that, having decided on a criterion, all that is then required is simply
to identify the systems satisfying the criterion as observers and then apply the usual
Bohr interpretation. That interpretation, however, imposes a “simultaneous collapse
throughout all space, and not only is there no immediate possibility of formulating any
mechanism for this, but more seriously the notion of absolute simultaneity has no
place in a general relativistic theory applicable to the entire universe with all its struc-
ture (as opposed to a simplified cosmological model). We need to realise that the only
role of “collapse is to impose mutual consistency restrictions on observations that are
causally related, resulting in the probabilities for the outcomes of two such observa-
tions being dependent. This is simply the definition of the histories approach in the
version of Hartle (1991): it is the extraction of the essence of the collapse hypothesis in
a way that is relativistically invariant and does not presume any unknown mechanism.

The aim of this paper is thus to show how a criterion for sensation can be wedded
to Hartles histories approach in a way that is well defined, physically consistent, and
scientifically fruitful. It turns out that this requires significant mathematical machin-
ery. I shall therefore outline the essence of the approach first, filling in the details in
subsequent sections in order to demonstrate that the approach is in fact workable.

The criterion for mind/sensation and the details of the histories formalism should
at least satisfy the following minimal requirements. They should

1. be philosophically reasonable in the sense that it does correspond to the essence
of mind/sensation;

2. not be so strong that it essentially puts in by hand physical properties that we can
already explain physically through decoherence theory

3. be based on a well defined causal relation between observations

To be scientifically productive the criterion should then imply that

4. the contents of sensation are (nearly) classical, in the sense that histories of sen-
sations (nearly) satisfy the decoherence criterion for histories (Dowker and Kent,
1996);

5. quantum systems should not be subject to Zeno-like effects that are not in fact
found in laboratory experiments.

The points above strongly suggest the particular criterion and structure of histo-
ries used here. In relation to 1, I have argued elsewhere (Clarke, 2007) for (a) basing
the criterion on consciousness rather than on the computational or memory proper-
ties of the brain, because consciousness is the essence of sensation; and (b) using a
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panpsychist, dual-aspect philosophy of consciousness in which all systems satisfying a
general physical criterion have consciousness. This rules out the approach of (Donald,
1990, 1995) which singles out a very restrictive class of systems which does not relate
to the capacity of the brain to produce consciousness. Points 2 and 4 suggest that the
boundary between the sensate system and the surrounding environment should be set
at a point where decoherence takes over, allowing the known mechanisms for decoher-
ence to produce a classical world. This also agrees with the arguments of Hameroff
and Penrose (1996) and myself (Clarke, 2001) that quantum theory, rather than clas-
sical theory, is the most natural framework within which to understand consciousness.
Thus the criterion should single out maximal regions which are in some sense coherent
(the “extensive coherence defined below in subsection 1.3). Note that this approach
is the opposite of that of Bohr as far as the place of the observer is concerned: here
the observer is identified with the quantum micro-system (e.g. a small subsystem of
the brain) with the macro-system (e.g. the body as a whole) providing classicality,
whereas in Bohr’s quantum theory the observer is the record forming macro-system
which observes a separate quantum micro-system.

Point 5 refers to the possibility that if the criterion were, for example, to allow an
excited atom to have sensation, then its self-observation could inhibit its decay even
though it is not in interaction with a record-forming external system, contradicting
what is in fact the case. Points 4 and 5 are formally the same, except that the first is
considered from the point of view of the experiencer and the second from the point of
view of the onlooker. The application of 5 depends on the dynamics of the quantum
theory being used rather than on its formal structure, and here it turns out that in order
to avoid spurious Zeno-like effects the dynamics of quantum mechanics needs to be
modified by the inclusion of an effect of quantum gravity for which Penrose (2004) has
argued in relation to the role of consciousness. The qualification “nearly” is added to
4 because the criterion, if it is to match the experience of sensation, will be a matter
of degree rather a strict dichotomy, and there will therefore be a borderline of nearly
classical behaviour which will provide an arena for testing the theory. Finally, the
point 3 is most simply implemented by placing restrictions on the temporal extent of
observations and on their inclusion in histories.

1.2 quantum states

To formulate the structure proposed here we need to make some assumptions about
what sort of quantum theory is to be used. We require a generally applicable theory of
cosmological scope; but on the other hand it would take us too far afield to speculate
on possible theories of quantum gravity. We are thus considering varieties of quantum
field theory in curved space time. For the sake of definiteness I will assume that the
theory has the features enumerated below, though it is likely that these do not hold in
all cases. In the Appendix I derive them for the unambiguous case of static space-time.
Here I assume that the background space-time M is globally hyperbolic and require
the following:

1. For any achronal 3-surface S in M

(a) there is a complex Hilbert spaceH(S) whose rays represent quantum states
on S;
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(b) for any partition of S into disjoint submanifolds S0 and S1 with (S0 ∪
S1) ∩ S = S there are Hilbert spaces H0(S) and H1(S) and an isometric
injection ιS0,S1 : H(S) → H(S0)⊗H(S1).

2. For any 1-parameter foliation {St | t ∈ I} by Cauchy surfaces

(a) the Hilbert spaces Ht := H(St) are related by maps {Ut1t2 | t1, t2 ∈ I},
representing a Schrödinger-picture evolution, satisfying

Ut1t2 ◦ Ut0t1 = Ut0t2 , Ut1t1 = identity on Ht1 ∀ t1, t2 ∈ I.

(b) for any submanifold S0
t1 ⊂ St1 , if S0

t2 ⊂ St2 is defined by Lie-dragging
orthogonally to the Cauchy surfaces then there exist maps

{T 0
t1t2 | t2 ∈ I} where T 0

t1t2 : H(S0
t1) → H(S0

t2),

representing time translation, satisfying

T 0
t1t2T

0
t0t1 = T 0

t0t2 , T 0
t1t1 = identity on H(S0t1) ∀ t1, t2 ∈ I.

3. If S is a submanifold of St1 partitioned into S0
t1 and S1

t1 as in 1(b) above, then
the following diagram commutes:

H(S1)
ι1−−−−→ H(S0

1)⊗H(S1
1)yT12

yT 0
12⊗T 1

12

H(S2)
ι2−−−−→ H(S0

2)⊗H(S1
2)

(where for legibility the ts are omitted, so that S0
1 := S0

t1 and so on).

1.3 Extensive Coherence

Let W 1
Λ, W 2

Λ be the sets of projections of the form P = P1 ⊗ I , Q = I ⊗ Q2 with
P1, Q2 projections in the corresponding Hilbert spaces H1

Λ and H2
Λ respectively. (The

definitions will be symmetric as between these two sides of the surface.) Write the
diagonalisation of ρ (assumed for the moment to be unique up to ordering) as ρ =∑m

k=1 ak|αk〉 〈αk|, where possibly m = ∞. Then define

C(ρ) := min
Λ∈P

min
P∈W 1

Λ,Q∈W 2
Λ

m∑

k=1

ak|d(P,Q, αk)|

where d(P, Q, αk) := 4 (〈α, PQα〉 − 〈α, Pα〉 〈α,Qα〉) .

(1)

If the diagonalisation of ρ is not unique because of degeneracy we take the supremum
over diagonalisations.

The function d(P, Q, α) with P and Q as above satisfies

d(I − P, Q, α) = −d(P, Q, α), d(Q,P, α) = d(P, Q, α).

In (Clarke, 2007) it is shown that d lies between −1 and 1, with 0 attained if and only
if α is factorisable into a tensor product of states in H1

Λ and H2
Λ (fully unentangled),

and that |d| can always attain the value 1 (fully entangled) for some α. In probability
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theory terms, d(P, Q, α) is, apart from the normalisation factor 4, the covariance of P
and Q.

Coherence as measured by C is a variable quantity: states are more coherent the
higher the value of C between 0 and 1. At the present exploratory stage, we can suppose
chosen an arbitrary threshold C0 for C. We then define an extensively coherent state on
a locus (U,H′,H) as an effective state ρ such that

1. C(ρ) > C0.

2. There is no locus (U∗,H′U∗ ,HU∗) with U∗ ⊃ U and satisfying P1 such that
C(ρ∗) > C0.

These two ingredients of extensive coherence and Penroses quantum gravity will
be incorporated into a form of the histories interetation of quantum theory (widely
regarded as most suitable for cosmological applications) as follows:

1. The probability of a given history is modified by a factors depending, for each
pair of events in the history, on the ratio of their time separation to the timescale
of Penrose’s mechanism for the action of quantum gravity.

2. the criterion is imposed that all the quantum states corresponding to the projec-
tions that make up a history should be extensively coherent.

1.4 Outline of paper

The main body of this paper is taken up with establishing a description of a histories
formalism that is as invariant (coordinate independent) as possible, within which to
define extensive coherence rigorously. Full invariance is impossible, unfortunately,
because we do not have a fully invariant formulation of a general quantum field theory
in curved space-time.

Section 2 sets the scene for the construction, summarising in 2.1 decoherence the-
ory and in 2.2 Penrose’s recent theory. Section 2.3 specifies the limitations of scope of
the theory attempted here, while 2.4 specifies the quantisation to be used, details being
given later in an appendix. Section 3, the main part of the paper, then defines and jus-
tifies the new structures being proposed, building on previous work by Hartle (1991).
Finally section 4 sketches the implications that remain to be explored in detail, both
theoretically and experimentally, including possible departures from classical physics.

2 Overview of issues addressed

2.1 The role of decoherence

Decoherence theory is now an essential part of quantum theory, fully developed both
theoretically and experimentally (see, for example, Giulini et al., 1996; Zurek, 2003
together with Sudbery, 2002, for a conceptual critique of the experimentation).

This theory addresses the same problem as I do here: as Zurek (2003) puts it, “The
problem: Hilbert space is big.” Recent refinements of the theory have certainly made
much headway in whittling down the vast arena of possible universes. In particular,
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it resolves much of the problem by taking the view that any “observation” must in-
volve the formation of a stable record in one subsystem of the universe (the apparatus,
or the brain) that is correlated with a short-term state of another subsystem (the ob-
served system). Stability in the face of even the smallest environmental perturbations
then, on this view, “selects” a preferred basis of states of the apparatus (the process of
“einselection”) whose dynamics correspond to the classical world.

Three problems, however, prevent this consideration being the whole answer.

1. The processes of decoherence depend on the existence of sufficiently well-defined
subsystems. But what is it that marks off a subsystem, and what causes this to
happen? The condition of extensive coherence proposed here is designed to ad-
dress this very point, which involves a shift of viewpoint to a particular sub-class
of what are usually regarded as subsystems, to which subjectivity is ascribed,
possibly of a primitive form. This issue of ascribing subjectivity to subsystems
has been analysed in detail by Mathews (1991)—see also section 4.3.

2. The word “selects” has an ambiguity that can obscure the issues. If we over-
come the previous problem and can designate subsystems, then the process of
coupling with the environment establishes a clear mathematical line along which
we (mathematical) human beings can “select” and divide up the state into com-
ponents that we can observe. But this does not give selection in the sense that all
other possibilities are objectively eliminated from the universe. For this we need
additional structure.

3. The suggestion that the only phenomena of interest are those which involve the
formation of stable records seems motivated almost entirely by the need to model
the scientific process, rather than the desire to model the universe as it appears to
us.

The thesis of this paper is that decoherence, while playing a vital role, does not re-
move the need for incorporating a further selection process in a quantum cosmological
view of the universe. It should be noted (section 4.3) that this added process, although
linked to subjective aspects of consciousness, will have observable physical effects,
making the proposal potentially testable.

2.2 Penrose’s theory

The approach of Roger Penrose (Penrose, 2004) is put forward by him as an alternative
to decoherence theory for resolving some of the problems indicated in the introduction
above. Like decoherence theory, it implicitly assumes a laboratory-like situation in
which inhomogeneities and subsystems have already evolved, providing a preferred
framework within which he formulates a gravitational criterion for the “collapse of the
state”. If one starts off with a homogeneous cosmology, there is no canonical way of
splitting it into a particular superposition on which his collapse mechanism can oper-
ate. I therefore cannot regard it as the whole story, and I find the notion of “collapse”,
as opposed to less metaphysically demanding formulations, too dependent on a future
theory of quantum gravity whose details are at present necessarily obscure. His crite-
rion for collapse, however, does derive from a robust line of argument which has to be
reflected in any large-scale theory: namely, the argument that it is basically inconsis-
tent with what we already know about gravitation for certain sorts of superpositions to
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be manifested for time scales longer Penrose’s gravitational decay time. Moreover, his
criterion identifies a “natural break” between the microscopic and macroscopic worlds,
even though we do not yet understand their underlying mechanism. I therefore incor-
porate Penrose’s timescale in the presentation here. The advantage of this approach,
which combines Penrose’s criterion with decoherence theory, is that a tight “niche” for
subjectivity is selected, in systems that are large enough for Penrose’s criterion to be
satisfied, but small enough and structured enough to be able to maintain some degree
of decoherence.

2.3 Limitations of this paper

The proposals here are not presented as a definitive theory: my aim is to illustrate
the principles involved, recognising that considerably more work, both theoretical and
experimental, is required in order to define unambiguously the way ahead. As a result,
some aspects of the approach have to be chosen arbitrarily, subject to later scrutiny. In
addition to the lack of a full theory of quantum gravity needed to implement Penrose’s
hypothesis, noted above, there are three respects in which in is clear that the proposals
are only an approximation to a subsequent more developed theory: in a general setting
we will be dealing with a hierarchical situation rather than with standard quantum
field theory; in the histories formalism a discrete approximation is made to what is
presumably a continuous situation—an issue that has been extensively investigated by
Isham et al. (1999); and in a histories approach where consistency (5) is not imposed a
priori the decoherence functional does not yield true probabilities. I comment on these
further below.

2.3.1 The hierarchy of physics

This concerns the implicit operational assumption in physics of a hierarchical struc-
turing of theory according to length scale (into, for example, quantum field theory,
nuclear and atomic physics, molecular and solid state physics, classical physics and so
on). Theory at one level is a (quasi-) coarse-graining of the theory at the next finer level,
in which the Hilbert space at the finer level is written as a tensor productH = H1⊗H2

where H1 and H2 represent, respectively, the large scale structure and the small scale
refinements. Strict coarse-graining, as applied in rigorous investigations of the validity
of the idea, involves tracing out the fine structure, producing a mixed state. Actual
scientific practice, however, focuses on the case where the quantum state has the com-
ponents in the two spaces unentangled, i.e. where the state has the form v ⊗ w. In this
case the component v represents the large-scale structure as a pure state. It is usually
assumed that this is approximately valid, to which level of approximation there exists
a self-contained quantum theory at the level represented by H1.

Practical applications of quantum theory will necessarily depend on the hierarchi-
cal level involved. For simplicity, however, I shall present the argument here largely in
terms of quantum field theory, while referring to the hierarchical context where neces-
sary. The role of particular hierarchical level will be represented here by singling out
a particular factor of the Hilbert space over each relevant region of space-time (sec-
tion 3.1). Note that the hierarchical system just described depends on a property of
non-entanglement (factorisation of the sate) between macro- and micro-states. This
propoerty is precisely what is ensured by the definition of extensive coherence (section
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1.3) below. Thus this theory provides the basis for a division into hieracrchical levels,
as well as being applied at different hierarchical levels.

2.3.2 Discrete versus continuous descriptions

In the context of the generalised histories interpretation given below, a history corre-
sponds to the subjectivity of a collection of organisms, in a very general and primitive
sense of the term (section 4.3). Each organism has a continuous existence in space
and time and so corresponds to a space-time “tube”. Considerable mathematical sim-
plification is achieved, however, by approximating this tube by a sequence of closely
spaced globally hyperbolic space-time regions so that the history is then comprised
discrete “moments” of awareness1. The space-time in each region can be treated as
being approximately flat and the natural timescale defined by the light-crossing time
of the organism is built into the time-extent of the regions. The artificiality of the
approximation should, however, be borne in mind.

I note that Isham et al. (1999) have considered in detail the situation of continuous
histories, but their treatment is limited to paths of zero spatial extent and uses quite
different definitions and methodology from the treatment here.

2.3.3 The question of probability

We recall that the histories formalism for quantum theory (see, e.g. Griffiths, 1984) is
based on sequences of quantum propositions (projections) P1, P2, . . . , Pn on an under-
lying Hilbert space of pure states H, supposed measured at times t1, t2, . . . , tn on an
initial mixed state ρ0 which we can suppose to be at time 0. In a Schrödinger represen-
tation the probability of all these propositions being measured as true is then

p = p(P1, P2, . . . , Pn; P1, P2, . . . , Pn; t1, t2, . . . , tn; ρ0) (2)

where p is the decoherence functional given by

p(P1, P2, . . . , Pn; Q1, Q2, . . . , Qn; t1, t2, . . . , tn; ρ0) =
Tr(P ′n . . . P ′2P

′
1ρ0Q

′
1, Q

′
2, . . . , Q

′
n) (3)

where P ′i = eiHti/~Pie
−iHti/~ (4)

and similarly for Qi.
It is essential that the numbers claimed in this way to be probabilities do in fact sat-

isfy the axioms for probabilities (crucially, additivity). This requirement was originally
enforced by imposing the the “consistency” condition

p(P1, P2, . . . , Pn; P1, P2, . . . , Pi−1, Qi, Pi+1 . . . Pn; t1, t2, . . . , tn; ρ0) = 0 (5)

if PiQi = QiPi = 0. In later work this condition was deduced from decoherence
effects arising in experimental settings, rather than being imposed ad hoc. In the more
general context being considered here it cannot be guaranteed that the quantities de-
fined by (2) are additive; the observational consequences of this are briefly discussed
in section 4.3. In view of this issue, I will refer to the quantities in the present theory
analogous to those of (2) as pre-probabilities.

1The representation in terms of separated regions should not be confused with Whitehead’s “pulsational”
view of awareness (or “prehension” in his terminology), which I interpret as referring to the existence of a
“specious present”, not a discontinuity in experience. The specious present also has a much longer timescale
than that of the “moments” here.
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2.4 Quantisation

While using quantum field theory, rather than a hierarchical notion (section 2.3.1),
gives a conceptual simplicity, it exacts the penalty of our having to decide on a formal-
ism to adopt for quantum field theory in curved space-time. Because of the stress on
local properties here, I adopt a quantisation in terms of a configuration space of clas-
sical fields on space-like hypersurfaces, describing the details of this in the Appendix.
There I make the (inessential) simplification to a Klein-Gordon field and the (more es-
sential) simplification that the space-time is static, since in the general case the nature
of quantisation becomes ambiguous (Wald, 1994), probably indicating the need for a
more comprehensive setting in which to formulate the full effect of the creation of par-
ticles by the gravitational field which occurs in this case. At least in this static case (and
I assume that eventually it will be possible to extend this unambiguously to all globally
hyperbolic space-times) one obtains a quantisation of the field where the Hilbert space
is H(S) = L2(Φ′(S), µ). Here Φ′(S) is a space of scalar distributions (dual to the
space Φ(S) of smooth rapidly decreasing functions) on a hypersurface S orthogonal to
the timelike Killing vector, and µ is a measure on Φ′(S), normalised to unity, derived
from the Klein-Gordon ‘potential’ (the elliptic part of the wave operator). Note that
this is not an alternative quantum field theory, but just a less usual representation of the
customary Fock space version. The translation between the two versions is given by
Simon (1974).

The virtue of this construction is that it is not only mathematically rigorous (at
least in the restricted situation of linear fields in static space-time and hopefully more
generally) but one also obtains a simple localisation construction, described in the Ap-
pendix, such that the space H(S) of configuration-space states over a hypersurface
S = S0 ∪ S1, with Si being submanifolds with boundary, can immediately be written
as a subspace of the tensor productH(S0)⊗H(S1) of states over the two submanifolds.

3 Generalised Histories

3.1 Basic ideas

I adopt a histories formalism for quantum theory on the grounds that it includes mathe-
matically other formalisms such as Copenhagen, “collapse of the state”, “many worlds”,
“many minds” etc. but without their metaphysical assumptions or contextual limita-
tions. The original version of this formalism is given by (2), where in the particular
case of conventional quantum theory, Pn is the laboratory observation and the satis-
faction of P1, P2, . . . , Pn−1 constitutes the preparation of the state presented to this
observation. In a larger context, or a cosmological one, it is however unreasonable
to single out a single instant of time in a particular time-coordinate to associate with
an element of a history: a better, but still tractable, approximation to the continuous
space-time tube of the organism (section 2.3.2 above) would be a sequence of space-
time regions U1, U2, . . . , Un.

Here I develop the work of Hartle (1991) on this same idea (see also Isham, 1994),
but adding to the space-time region U the specification of a particular factor space
of the quantum Hilbert space defined by U , representing a particular level of coarse-
graining and a particular subsystem within that. Specifically, we define a locus as a
triple (U,H′U ,HU ) as follows. Suppose (as can be assumed without loss of generality)
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that there is a Cauchy surface S1 for U contained in a surface of simultaneity (a global
Cauchy surface orthogonal to the static Killing vector) S, where S = S0 ∪ S1 with
S0 ∩ S1 = ∅. Then the definition of a locus on U is that H(S1) can be represented as
H(S1) = H′U ⊗HU . It follows (using the notation of section 2.4) that

H(S) ⊂ H(SU,0)⊗H′U ⊗HU . (6)

I will call U the support of the locus.
For defining “extensive coherence” later we will also need the idea of splitting a

locus into two parts. Suppose that LA (A = 0, 1, 2) are loci with LA = (UA,H′A,HA)
and that S is a surface of simultaneity such that the surfaces SA = S ∩UA are Cauchy
surfaces of UA, with S0 = S1 ∪ S2, intS1 ∩ intS2 = ∅. Suppose in addition that

H′0 = H′1 ⊗H′2, H0 = H1 ⊗H2. (7)

Then we will express this situation by writing

L0 = L1 ⊗ L2.

We can now define a generalised history to be a sequence (P1,P2, . . . Pn) of
quadruples Pi = (Ui,H′i,Hi, Pi, ), where (Ui,H′i,Hi) is a locus and Pi is a projec-
tion on the total quantum Hilbert spaceH, satisfying the conditions P1–P4 below (see
Hawking and Ellis, 1973, for detailed definitions of the notation for space-time proper-
ties). I will call2 the Ps “moments (of awareness)”, and Ui the support of the moment
Pi.

P1 Each connected component of Ui has a geodesically convex Cauchy surface.

P2 D(Ui) = Ui where D denotes the domain of dependence

P3 Given a pair of Us, either one is entirely to the future of the other (denoted by
the relational sign≺), or they are entirely space-like related (denoted by the sign
Â≺).3. More precisely: for any i 6= j,

either (i) ∀(x ∈ Ui, y ∈ Uj)(x ∈ J+(y)) (Uj ≺ Ui)

or (ii) ∀(x ∈ Ui, y ∈ Uj)(x ∈ J−(y)) (Uj Â Ui)
or (iii) ∀(x ∈ Ui, y ∈ Uj)(x 6∈ J(y) & y 6∈ J(x)) (Uj Â≺ Ui)

Moreover, if i < j then either (ii) or (iii) holds.

P4 For every i, Pi can be written

Pi = IH(SU,0)⊗H′i ⊗ P̃i

with respect to the decomposition (6), for a projection P̃i : Hi → Hi.

2The terminology and the precise definition here differ from those of (Clarke, 2007) but are broadly in
agreement with those of (Clarke, 2001).

3While this is not a major restriction in the case of a single organism, when there are many organisms
close together it starts to become more difficult to fulfil—a further indication that a continuous tube would
be a better model
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Condition P1 covers situations such as the model by Penrose and Hameroff (see
Hameroff and Penrose, 1996) in which consciousness arises from a network of fila-
mentary microtubules in neurons, where the condition here ensures that the timescale
of this structure as a locus is set by the overall extent of the network rather than the
diameter of the microtubule. Condition P2 is a natural maximality condition on the
temporal extent of a support (the spatial extent will be constrained in section 3.2). This
will enable later conditions to be defined more simply. Condition P3 results in the set
of supports being a partially ordered set under the chronology relation ≺. Condition
P4 localises the projection to its support and allows the algebra of projections P to be
further localised to a subsystem over the support as is required in a hierarchical context
(section 2.3.1).

The sensed universe—the object of the subjectivity of all subsystems satisfying a
coherence condition—is supposed to be represented by a generalised history.

It must be stressed that a locus U included in the history does not represent a mea-
surement (measurements being described by particular sorts of physical interaction
within the Hamiltonian dynamics), but rather the selection by subjectivity from the
potentialities of the current state—which may include the outcomes of a preceding
measurement (see section 4.3).

3.2 The effective state

In the original formulation of the histories interpretation the probability of a given
history is given by (2) and (3), which involves the Heisenberg operators P ′ defined
globally at a single instant of time. This needs to be modified to handle operators de-
fined with a region restricted in space but extended in time. The process of restriction
in space is based on the configuration quantisation described in the Appendix (see sec-
tion 2.4). In the case of extension in time, a problem emerges in that a given projection
P could be defined on any of the Cauchy surfaces in U , and it could be that the re-
sults would depend on this choice (since the Schrödinger equation is not hyperbolic).
We would like to be able to restrict consideration, in a natural way, to quantum states
where this dependence on the Cauchy surface was not the case, and we accordingly
make use here of the suggestion (Clarke, 2002) that quantum states that are subject to
decoherence are essentially also those are stable in time. To achieve this stability we
will use states averaged in time, in a sense now to be defined.

We note first that the averaging in time cannot be done using Cauchy surfaces of
the region U since some of these will be strongly curved, leading to anomalies in
the representations of quantum states. Instead, continuing to treat the situation of a
static space-time, we use the global time parameter t and global Cauchy surfaces St.
Recalling that the supports Ui are only a representation of the space-time tube of an
organism, we can suppose each Ui chosen so that, for some (unique) global time tc,
the surface sc := U ∩ Stc is a Cauchy surface of U . We set vc := Stc \ sc and denote
the past and future t-extents of U by t1 and t2 respectively.

The timelike Killing vector then generates a family of diffeomorphisms θt : Stc →
St which can be used to identify states on St with states on Stc . Explicitly, for each
t ∈ [t1, t2] we can define the sate αt on sc by αt(x) = α(t)(θt(x)), where α(t) is the
state on St and x ∈ Stc . From section 2.4 and the Appendix, we can decompose the
state αt as an element ofH(vc)⊗H(sc) which from (6) can be further decomposed as
(H(vc)⊗H′i)⊗Hi. The probability p of satisfaction in αt of a proposition (projection)
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of the form P = 1⊗ P̃ in this decomposition is

p = Tr(P̃Rt)

where
Rt = TrH(vc)⊗H′i |αt〉〈αt|

is the reduced state defined by restriction to sc and Hi. This state can then be time-
averaged. To avoid artifacts arising from a sharp cut-off at the past and future bound-
aries of the support the average must use a weighting factor tending to zero at its past
and future limits. Recalling that this is only a representation of a possible continuous
tune version where no such weighting is required, the form of the function is arbitrary;
but a convenient choice is weighting by the volume of the support at a given time. Thus
we can define the effective state at the locus (H′i,Hi, U) as

EffUi,Hi
(α) ≡ Avt(Rt) :=

1
W

∫ t2

t1

wtRt dt

where wt :=
∫

St∩Ui

√
g(x) d3x, W =

∫ t2

t1

wt dt.

(8)

Note that EffUi,Hi(α), while closely associated to Ui, necessarily involves states that
extend outside U .

Both restriction and time averaging have a “decohering” effect on the state. A
state—such as is produced in a measurement-like interaction—of the form

α = ai

∑

i

λi ⊗ µi

with respect to the decomposition H(sc) ⊗ H(vc) (where λi and µi belong to or-
thonormal bases of their respective Hilbert spaces) restricts to the purely mixed state∑

i |ai|2|λi〉〈λi|. A state such as a sum of eigenstates of different energy, of the form

Rt = |λ〉〈λ| with |λ〉 = a1e
iω1t|λ1〉+ a1e

iω2t|λ2〉

averages to

Avt(Rt) = |a1|2|λ1〉〈λ1|+ |a2|2|λ2〉〈λ2|+ O(1/|ω1 − ω2|)

since wt is a uniformly Lipshitz function tending to zero at t1 and t2. The effect of
restriction is the usual decoherence phenomenon whereby measurement, by entangling
with an external environmental state, produces a purely mixed state; while time aver-
aging produces a decoherence within U for states that are superpositions of states with
different energies.

3.3 Extensively Coherent Subsystems

In my preceding paper (Clarke, 2007) I argued that the most likely criterion for the
subsystems which had the attribute of subjectivity (i.e. awareness), and so entered into
the composition of generalised paths, were those whose quantum state had a high value
of a quantity C which measured the extent of the internal entanglement of the state.
The “state” here is the effective state defined by the members of the generalised history
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chronologically preceding the locus in question, using the definition of EffUi,Hi(α)
in the preceding section. The definition which follows is a slight modification of that
used in (Clarke, 2007) (which I termed “coherent entanglement”), in the light of further
work on applications. Adaptation has also been made because of the field theoretic
framework chosen here.

Let ρ be the effective state onH(sc) when sc is a compact submanifold with bound-
ary and let P be the set of all minimal surfaces4 in sc with connected boundary in ∂sc.
Assume for simplicity that sc is topologically simple so that any such surface Λ divides
sc into two disjoint parts S1

Λ and S2
Λ, with corresponding loci L1 and L2 so that the lo-

cus L0 of sc is L1⊗L2 (see (7) and (3.1)). Let W 1
Λ, W 2

Λ be the sets of projections of the
form P = P1 ⊗ I , Q = I ⊗ Q2 with P1, Q2 projections in the corresponding Hilbert
spaces H1

Λ and H2
Λ respectively. (The definitions will be symmetric as between these

two sides of the surface.) Write the diagonalisation of ρ (assumed for the moment to
be unique up to ordering) as ρ =

∑m
k=1 ak|αk〉 〈αk|, where possibly m = ∞. Then

define

C(ρ) := min
Λ∈P

min
P∈W 1

Λ,Q∈W 2
Λ

m∑

k=1

ak|d(P,Q, αk)|

where d(P, Q, αk) := 4 (〈α, PQα〉 − 〈α, Pα〉 〈α,Qα〉) .

(9)

If the diagonalisation of ρ is not unique because of degeneracy we take the supremum
over diagonalisations.

The function d(P, Q, α) with P and Q as above satisfies

d(I − P, Q, α) = −d(P, Q, α), d(Q,P, α) = d(P, Q, α).

In (Clarke, 2007) it is shown that d lies between −1 and 1, with 0 attained if and only
if α is factorisable into a tensor product of states in H1

Λ and H2
Λ (fully unentangled),

and that |d| can always attain the value 1 (fully entangled) for some α. In probability
theory terms, d(P, Q, α) is, apart from the normalisation factor 4, the covariance of P
and Q.

Coherence as measured by C is a variable quantity: states are more coherent the
higher the value of C between 0 and 1. At the present exploratory stage, we can suppose
chosen an arbitrary threshold C0 for C. We then define an extensively coherent state on
a locus (U,H′,H) as an effective state ρ such that

1 C(ρ) > C0.

2 There is no locus (U∗,H′U∗ ,HU∗) with U∗ ⊃ U and satisfying P1 such that
C(ρ∗) > C0.

The use of the decomposition into H and H′ in (7), in conjunction with the use of
a minimum over projections in (1), is to be noted. As a result of this, the projections
which enter the generalised history are only those which involve extensively coherent
states, excluding those which involve subsystems that happen to occupy the same sup-
port or which are at a different level of coarse-graining, but which are not extensively
coherent. In addition, condition 2 above ensures that U captures the whole of the deco-
herent system, rather that an arbitrary subsystem of it. The definition thus singles out
for consideration a narrow class of subsystems.

4The use of minimal surfaces (the curved space generalisation of a plane) rather than some other form of
division is, at present, an arbitrary choice for computational convenience.
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The essential point of this definition is that it places context-dependent limits on the
size of supports that can enter into a history. The quantity d(P,Q, α) will be reduced
well below the threshold for extensive coherence by the mechanisms described above
(subsection 3.2) as a result of perturbations in the Hamiltonian. This decoherence will
have a timescale of τdeco = ~/E, in which E, the typical size of the perturbations,
might vary very roughly as KL3 where K is a measure of the ambient energy density
and L a length-scale for the support. For an extensively coherent state τdeco must be
greater than than the temporal extent of the support, which is of order L/c, and so (on
this very crude accounting) L < (~c/K)1/4. On the other hand condition 2 ensures
that the size of the support must still be of the same order of magnitude as this limit;
the locus must in a sense be “marginally” coherent. We can make an estimate of this
within a laboratory context. If, for example, we use for K the density of ambient
thermal electromagnetic radiation (as an order of magnitude for all perturbations, not
just radiative fluctuations), this length is around 10−5m; if we modify the argument to
filamentary structures with length-scale L and a diameter of a few tens of Ångströms,
we get an order of magnitude for L of 4cm. As is well known (e.g. Hagan et al. 2002),
decoherence lengths have a very wide range variation depending on the details of the
mechanism and the detailed geometry, so these figures serve only as a check that the
proposal is not absurdly out of line.

3.4 The Specification of Pre-Probabilities

It remains to specify the analogue of the decoherence functional (3). We will restrict
to the analogue of the case where the histories P1, P2, . . . , Pn and Q1, Q2, . . . , Qn are
identical, so that we are looking for a function p(P1, P2, . . . , Pn, ρ0) with each Pi

satisfying P1–P4 (see (3) and following) that gives the pre-probability of the propo-
sitions P1, P2, . . . , Pn all being realised at their loci given an initial state ρ0: that is, a
number between 0 and 1 that will be a probability in circumstances where the history
belongs to a well defined Boolean algebra. For simplicity I explicitly only give the case
where ρ0 = α0, a pure state.

Denote by Si the global Cauchy surface whose restriction to Ui is si
c, a Cauchy

surface for Ui, with time coordinate value ti, and let α0 be defined at time t0. Define
recursively αi := e−iH(ti−ti−1)/~Pi−1αi−1 for i = 1, 2, . . . (as in the usual case—
compare (4)). P0 is defined to be the identity. Note that the commutativity of Pi,
Pj when these are not ≺-related ensures that this procedure is not sensitive to differ-
ent orderings of the projections, provided they are consistent with the partial ordering
≺. The pre-probability of realising Pj given the realisation of a preceding sequence
P1, . . . , Pi−1 is then formed of two factors. The first arises from the application of Pi

to the effective state and is given by

p
(1)
i := ‖Pi EffUi(αi)‖2 (10)

using the effective state defined by (8).
The second factor implements Penrose’s criterion by multiplying the probability of

realisation of Pj as
p
(2)
i := (1− e−si/τP

i ), (11)

with the following definitions.
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τP
i is Penrose’s gravitational decay time (Penrose, 2004), given by τP

i = ~/|E∗
i |

where E∗ is the Newtonian gravitational energy of the difference between the expecta-
tion values of the energy-densities ε1 and ε2 in the states Piαi and (1− Pi)αi, respec-
tively. Explicitly:

E∗ :=
∫

Si×Si

γ(x, y)(ε1(x)− ε2(x))(ε1(y)− ε2(y))
√

h(x)
√

h(y) d3x d3y (12)

where γ is the Green function for the Laplacian on Si and h is the determinant of the
3-metric. Note that the hypothetical mechanism that presumably underlies this is a
global influence of quantum gravity which affects the whole of Si, not just the region
within U .

si in (11) is given by
si := min

j:Uj≺Ui

(ti − tj)

with tj = 0 if there are no instances in the min.
The introduction of this factor eliminates the influence of a locus Uj whose tem-

poral distance from a predecessor Ui is small in relation to a timescale defined by the
gravitational difference between the complementary possible outcomes of Pj . Loosely
speaking, the smaller the energetic difference between Pj and its complement, the
longer it takes the organism to become “aware” of it. Without this factor it would be
possible for a sequence of closely spaced Uis to produce a Zeno-like effect that could,
for example, prevent the decay of all coherent quantum states, contrary to what is ob-
served. Note also that the introduction of this factor takes the value p further from
being a true probability (over the usually defined event space for histories) in that the
“probabilities” of Pj being realised and of 1−Pj being realised do not sum to 1: there
is now the third possibility of neither of these being realised.

To summarise:

p(P1, P2, . . . , Pn, ρ0) =
n∏
1

p
(1)
i p

(2)
i

with the ps defined by (10) and (11).

4 Consequences and future research

The essential test of any scheme of this nature must be its reduction to ordinary physics
in the laboratory situation, which will be achieved if it reduces to the conventional
histories interpretation in that case. Particular interest attaches here to the notion of
classicality and the “emergence of a classical world”. Classicality is commonly defined
in terms of formal properties: perhaps something like a situation where the variance of
physical variables due to quantum uncertainty is small and the equations of motion
can be well approximated by classical ones. This usage is clear, for example, in the
account of the early universe by Linde (2001) when he writes, “The first quantum
fluctuations to freeze [during inflation] are those with large wavelengths ... At that
stage one cannot call these waves quantum fluctuations anymore ... What we obtain
is an inhomogeneous distribution of the classical scalar field”. In the present context,
however, classicality emerges in two stages. The first is constituted by the inclusion
of a locus in a generalised history, which only becomes possible when the universe is
sufficiently evolved (see 4.1 below). Without this inclusion there can be no awareness
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and so no phenomenal universe. The second is the property of a family of generalised
histories to generate genuine (i.e. additive, normalised) probabilities—the property
corresponding to the “consistency” (5) of that family. Neither of these coincides exactly
with the more conventional concept of classicality cited above. The interest of the
present theory lies in this distinction of the notion of classicality, explored in the points
below.

4.1 The emergence of the universe

We can now start to indicate how the structure just presented could elucidate the prob-
lem, noted in the introduction, of the emergence of a classical universe. This can only
be a preliminary suggestion because of the limitations of the treatment (section 2.3),
not least of which is the need to extend the quantisation approach to a wider range of
space-times, essential for cosmology. We focus on the first stage of classicality, the
condition for inclusion in a generalised history.

Suppose we look in the early universe for the occurrence of a region within the
horizon size, and a subsystem of the fields therein, which is extensively coherent (that
is, its size is such that it is on the margin of becoming non-coherent) and is at a time
after the primordial quantum state greater than the Penrose time τP of the previous
section. For extensive coherence to hold the region must be sufficiently small; for the
Penrose time to be less than the age of the universe the region must be sufficiently large.
Thus there may be a critical time in the development of the universe before which these
conditions cannot both be fulfilled. This marks the earliest phenomenal manifestation
of the universe. If one makes an order of magnitude estimate of this time, it turns out
that it must be in the early inflationary period or even earlier.

To sketch the calculation: suppose this time were in the post-inflationary universe,
and consider a region U of diameter L = αLh, where Lh = 1/H is the horizon size.
The most likely candidate for HU is the restriction to U of the Hilbert space for the
oscillatory modes of the model Klein-Gordon field of our quantisation having wave-
lengths around L (say L/2 < λ < 2L). Let us suppose that the universe at that stage
still has a pure, homogeneous quantum state with a superposition of states correspond-
ing to a spectral index of 1 (Barger et al., 2003) for perturbations of the energy-density,
which implies fluctuations δM in the mass of the region proportional (at a given time)
to L (see Kolb and Turner, 1994, p. 332). We can normalise the amplitude of these
by setting the mass perturbation at decoupling on the scale of the horizon size then
to be around 3 × 1045 kg. Taking these fluctuations to be constant at earlier times in
any comoving region gives a mass fluctuation in U of K1αt1/2, K1 a constant, and
hence (from section 3.2) a decoherence time within U of ~/(K1αt1/2c2). For U to
be maximal subject to being extensively coherent (i.e. only marginally coherent) this
must be of the order of the light-crossing time of U , that is αL/c, and hence we find
α ' K2t

−3/4. We might consider imposing the condition that U cannot exceed the
horizon in extent, so that α < 1, but in fact K2 is so small that this is never reached.

For the Penrose time we need to calculate the gravitational energy E∗
L (see (12))

of the mass fluctuations. In doing this we should take into account the entanglement
of the states in Hi with the state over the whole of space, presumably cut off at the
horizon; but it turns out that even if we only use the contribution to the gravitational
energy from U itself, of order G(δM)2/L, we still obtain a Penrose time that is many
tens of magnitudes smaller than t. The conclusion is that the first stage of the quantum-
classical transition is likely to occur well into the inflationary or even the quantum
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epoch of the universe, but without classicality either in the sense of the consistency of
histories, or as regards the form of the physical equations of motion. Once its details
have been determined in the more certain area of laboratory physics, this theory could
thus have a considerable relevance to the physics of the very early universe.

4.2 The quantum gap

Once a moment P is part of a generalised history, there remains the question of whether
this results in true probabilities obeying a classical logic. Following the usual approach
to the histories formalism, this is expressed in terms of a history framework: a pair
(Σ,L), where the elements of L = (L1, L2, . . . , Ln) are loci satisfying conditions P1
to P3, and the elements of Σ = (σ1, σ2, . . . , σn) are such that, for each i, σi is a
Boolean algebra of projections onHi with any Pi in σi satisfying P4. For a fully clas-
sical situation we require the set of all histories belonging to the history framework to
be itself a Boolean algebra over which the decoherence functional defines an additive
probability. This will be achieved if, for a given collection of loci Li there is a unique
algebra at each Li satisfying the conditions we have imposed. In other words, the com-
bination of the restriction of the states at each locus through decoherence acting on the
effective state, and the Penrose condition preventing loci from lying so close together
that the histories become inconsistent, results in a unique classical arena. The design
of laboratory procedures ensures that this is the case for the results of observations, by
forming a macroscopic (i.e. highly decohered) permanent record of events by auto-
matic means which tightly couple the recording and the observing systems. The basic
hypothesis of the theory proposed here is, however, that awareness—including our own
awareness—can encompass generalised histories that do not belong to classical history
frameworks. In such a case the Boolean algebra that is manifested over a given locus
is not determined by the physics of the situation, and the space of possible contents of
awareness does not form a classical logic.

In such situations the outcome of quantum events is not merely indeterminate in the
usual sense, where indeterminacy is limited to which outcome occurs out of a uniquely
given Boolean algebra; but it is also undetermined which Boolean algebra might arise.
This new indeterminacy constitutes an explanatory gap within quantum theory. Stapp
(2005) has argued that it is in this gap within quantum theory that the “freedom” of
living organisms emerges. In the case of human experience, our real freedom is to be
found in our capacity to shape, from moment to moment, that range of options with
this gap. The indeterminism within a given algebra, on the other hand, conveys the
impression of freedom but not the reality (Clarke, 2001).

4.3 Organisms

Extensively coherent subsystems provide a natural implementation of the concept of
an organism or “self” introduced by Mathews (1991): a subsystem of the world whose
dynamics is geared to maintaining its own identity using its interactions with its sur-
roundings. In Mathews (2003) she further argues that this gives rise to a panpsychist
universe. These properties of selves leave two questions open. First, what is the phys-
ical basis for self-identity, which singles out and defines the boundaries of organisms
(given that in dynamical systems theory the specification of the boundary of a subsys-
tem is always arbitrary and pragmatic); and secondly, what in broader psychological
terms, is the “psyche” element of selves? These issues are resolved in the present
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system, in which extensively coherent systems naturally define the extent of organ-
isms (Ho, 1998). Mathews’ perspective then suggests the identification made earlier of
awareness as the characteristic of such systems.

This proposal then raises the possibility that deviations from classicality might play
a significant biological role through the following mechanisms.

• Non-classical macroscopic states might be used to enhance problem-solving ca-
pacity through forms of quantum computation. This would give rise to evolution-
ary pressure to develop extensively coherent states and their associated aware-
ness.

• Closely spaced moments of awareness could produce an effect formally similar
to the “Zeno effect” (Stapp, 2005), which could then be used to actively main-
tain extensive coherence on longer timescales than the normal decoherence time
(Clarke, 2007).

• Awareness may have an active role in determining the Boolean algebra at a given
locus from which a proposition becomes realised. This would enable awareness
to play an active role in dynamics that was complementary to, and independent
of, both the Hamiltonian dynamics and the stochastic rules for the appearance of
a proposition within the specified algebra.

The presence of such processes in living organisms should be experimentally de-
tectable and will be the subject of a subsequent paper.

Appendix: Configuration space quantisation

Definition of the Hilbert space

The aim of this approach is to define the Hilbert space for quantum field theory as an
L2-space of complex functions defined on a configuration space V that is a collection of
classical fields. It is essentially an expansion of the quantisation used in Simon (1974).
The key feature of this approach is a particular choice of V as a dual of an auxiliary
nuclear space Φ (defined below), which ensures that constructions intended to define
measures (and hence L2-spaces) really do give measures in a rigorous sense. The
formalism for all this is taken from Gel’fand and Vilenkin (1964), hereafter referred to
as “G&V”. For simplicity we consider scalar Klein-Gordon fields.

The auxiliary space Φ is a Schwartz space of rapidly decreasing infinitely differen-
tiable real functions on a space-like hypersurface S, with induced Riemannian metric h.
A global ”radial” coordinate (not necessarily with only one point where the derivative
is zero) is required in order to define ”rapidly decreasing”, and from this a topology on
Φ can be defined via a sequence of inner products (see, for example, Becnel and Sen-
gupta (2004), extended to a Riemannian manifold), and a corresponding sequence of
Hilbert spaces {Φk}∞k=0 of functions of increasing differentiability. Alternative choices
of the radial coordinate yield equivalent topologies and the particular choice does not
enter into the formalism. The intersection Φ :=

⋂∞
k=0 Φk with the topology defined

by the open balls of all the norms is a countably Hilbert space (G&V pp.57, 59) and
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is, moreover, nuclear in the defining sense that, for any m there is an n such that the
natural inclusion map ι : Φn → Φm has the form

ιφ =
∞∑

i=1

(φ, φi)nλiψi φ ∈ Φn

for some orthonormal systems {φi} and {ψi}, with the series
∑∞

i=0 λi converging. We
then take for the configuration space V = Φ′, the dual space to Φ with respect to the
above topology. Note that this means that V is a space of distributional fields.

In order to define a configuration space representation of quantum theory in which
the wave function is a complex function on V we need a measure on V with which to
defined the Hilbert inner product on such functions. To this we use the construction
of G&V, pp 335-345, and in particular the result (p. 340) that on the dual of a nuclear
space any cylinder set measure is a measure.

We begin with an inner product B on Φ to be defined later in terms of the dynamics
of the Klein-Gordon equation. Then take Ψ to be a finite dimensional subspace of Φ
and let Ψ0 be the subspace of elements of Φ′ that are zero on Ψ. There is a natural
isomorphism AΨ : Ψ → Φ′/Ψ0 : π 7→ χ where χ is defined by

(∀ρ ∈ Φ)( (χ, ρ) = B(ρ, π) )

(parentheses denote the natural pairing of the reflexive dual spaces Φ′ and Φ). For any
set U ⊂ Φ′/Ψ0 the corresponding set π(−1)

ψ (U), where πψ : Φ′ → Φ′/Ψ0 is the natural
projection, is termed a cylinder set. A non-negative function on all the cylinder sets of
Φ′ satisfying the properties of a measure including finite additivity but not necessarily
countable additivity is called a cylinder set measure. It is a measure if it is countably
additive. In the present case, a cylinder set measure can be defined by taking τ to be the
normalised Gaussian measure on Ψ using the inner product B (in coordinates using a
basis orthonormal with respect to B, τ(S) = (2π)−n/2

∫
s
exp(−|x|2/2)dnx), and then

defining a corresponding measure τΨ on cylinder sets by τΨ(π−1
Ψ (U)) := τ(A−1

Ψ (U)).
It can be shown that this is consistent between different Ψs and hence defines a measure
on Φ′. The Hilbert space for quantisation is then H = L2(Φ′,C, µ).

Dynamical structure

In order to define the dynamical structure of the Klein-Gordon field we use the standard
procedure (Abraham and Marsden, 1978) of passing to the cotangent bundle W of the
configuration space V and defining there a canonical symplectic form Ω. Since V is a
vector space we can identify W with V ×V ′, where V ′ is the dual of V in the topology
defined above. Since a countably Hilbert space is reflexive (G&S p.61), V ′ = Φ′′ = Φ
and so W = Φ′×Φ. We denote a generic element of W by w = (χ, π), χ ∈ Φ′, π ∈ Φ,
as a reminder that the cotangent component π has the character of a momentum. The
standard expression for the symplectic form on the cotangent bundle

Ω(w1, w2) = Ω((χ1, π1), (χ2, π2)) = (π1, χ2)− (π2, χ1)

is thus well defined.
To handle the bilinear form Ω I will introduce the following notation that will be

used several times below. For any non-degenerate bilinear form Θ on a vector space
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W we can define maps
−→
Θ : W → W ′ and

←−
Θ : W ′ → W by requiring

(
−→
Θ(θ1), θ2) = Θ(θ1, θ2) for all θ1, θ2

and we set
←−
Θ :=

−→
Θ
−1

.
(13)

Where Θ is also positive definite we can extend these maps to the Hilbert space closure

WΘ of W , canonically isomorphic to its dual W ′
Θ, when we denote them by

→→→
Θ and

←←←
Θ.

In the case of the classical dynamics on V , the map
−→
Ω : V → V ′ becomes−→

Ω(χ, π) = (π,−χ) and the Poisson bracket of functions f , g on W is defined by
{f, g} := −(df,

←−
Ω(dg)) which in the present case becomes {f, g}w = (D1

wf, D2
wg)−

(D1
wg,D2

wf), where D1 and D2 indicate the components of the derivative on W =
Φ′ × Φ corresponding to Φ′ and Φ respectively.5 The canonical Poisson brackets
that are normative for quantisation are obtained in the special case where f and g are
taken to be coordinates on Φ′ and Φ, respectively, of the form Λ1

ξ(χ, π) = (χ, ξ) and
Λ2

ψ(χ, π) = (ψ, π) for fixed ξ ∈ Φ and ψ ∈ Φ′. This gives

{Λ1
ξ ,Λ

2
ψ} = (ψ, ξ); {Λ1

ξ , Λ
1
ζ} = 0; {Λ2

φ, Λ2
ψ} = 0. (14)

Quantisation

The standard (Dirac) quantisation procedure replaces functions f on phase space by
operators f̂ on H so that [f̂ , ĝ] = i~{̂f, g}. From now on we set ~ = 1. In the case
of the canonical Poisson brackets (14), Λ̂1 is as usual taken to be the multiplication
operator

(Λ̂1
ξα)(χ) = (ξ, χ)α(χ) (where α : V → C).

To define the unbounded operator Λ̂2 we use the map
←←←
B (see (13) et seq.) and set

(Λ̂2
ψα)(χ) = −iD1

χα(ψ) +
i

2
B∗

ψ(χ)α(χ)

where B∗
ψ(χ) = (

←←←
B(ψ), χ)

the domain of Λ̂2
ψ being those function α on H for which the above expression defines

a unique element of H. The second term is required to give formal self-adjointness
with respect to the inner product defined by the Gaussian measure.

The standard treatment of Quantum Field Theory can now be carried out using the
annihilation and creation operators

aψ = Λ̂2
ψ −

1
2
iΛ̂1

←←←
B(ψ)

= Λ̂2
ψ −

1
2
iB∗

ψ (15)

a†ψ = Λ̂2
ψ +

1
2
iΛ̂1

←←←
B(ψ)

= Λ̂2
ψ +

1
2
iB∗

ψ (16)

with a vacuum state of 1. Note that aψα = −iD1α(ψ) so that (putting α = 1) aψ

annihilates the vacuum state.
5Derivation can be defined as a Gâteaux derivative, which then can be shown to be a Fréchet derivative

with respect to all of the norms on the spaces.
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From now on I will restrict to the case of static space-time, considering a hypersur-
face S orthogonal to the timelike Killing vector τ . As noted above (section 2.4), this
is necessary for definiteness because of the ambiguities that otherwise arise. A formal
expression for the classical Klein-Gordon Hamiltonian is

H(χ, π) =
1
2

(T (π, π) + Q(χ, χ))

where T (π1, π2) =
∫

S

π1(x)π2(x)
√

hd3x

and Q(χ1, χ2) =
∫

S

(
χ,iχ,

i + m2χ2
)√

hd3x

(17)

The problem arises even in the non-quantum case that the quadratic form Q is only
defined on the subset of Φ′ consisting of functions with square integrable derivatives.
We therefore proceed indirectly, introducing Q via the space Φ and using annihilation
and creation operators to reach the Hamiltonian. We begin by embedding Φ in L2(S).
On the latter space the map

γ(π)(x) :=
∫

S

G(x, y)π(y)
√

hd3y,

where G is the kernel of the elliptic operator K(χ) = −χ,i;
i + m2χ, is a positive

bounded self adjoint operator, so that its square root γ1/2 is well defined. We then
define B by

B(π1, π2) = T (π1, γ
1/2(π2)), (18)

which can be verified to be symmetric and non-degenerate, followed by restriction to Φ,
thus building the Klein-Gordon operator into the construction of the measure already
described. This is motivated by the fact that, in the case of a finite-dimensional system
of oscillators, this choice reproduces the usual Schrödinger quantisation.

The quantum Hamiltonian can then be defined by an elaboration of the formula
H =

∑
k a†kak for field theory in a finite domain admitting a discrete modes labelled

by k. Define the linear map eα : Φ′ ⊃ Z → Φ by

(eα(ψ1), ψ2) := (α, a†ψ1
aψ2α)

for α ∈ H and Z the domain on which this is well defined. We then further restrict
the domain of ψ1 to the (canonical dual of) the L2 Hilbert space defined by using the
space-integral inner product T on Φ (see 17): set

Eα :=
−→
T ◦ eα : Φ′ → Φ′.

For α such that this operator is of trace class the hamiltonian is then defined as the
quadratic form

H(α) = Tr(Eα)

Localisation

One obtains an immediate localisation construction. Let S1 ⊂ S be a submanifold
with boundary, and possibly with corners, with S2 its complement. If we define Φ1
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and Φ2 on S1 and S2 as for Φ, but requiring the existence of all one-sided derivatives
of functions on the boundaries, then Φ decomposes according to the exact sequence

0 → Φ κ→ Φ1 ⊕ Φ2
λ→ Φ∂ → 0 (19)

where

κ(φ) := (φ|S1 , φ|S2) (20)
λ(φ1, φ2) := φ1|∂S1 − φ2|∂S1 (21)

and Φ∂ is the space of sections of germs of C∞ functions on S over the piecewise
linear manifold ∂S1. Dually,

0 ← Φ′ κ′← Φ′1 ⊕ Φ′2
λ′← Φ′∂ ← 0 (22)

For studying dynamics we can define inner products Bi on Φi (i = 1, 2) as in
equation (18) above, noting that we use the Green function G for the whole of S, not the
Green function on each Si with conditions on their joint boundary. This enables us to
quantise fields over each of the Si by repeating the previous construction. Consistency
with quantisation on S as a whole is obtained by defining a similar form jointly linear
in Φ1 and Φ2, viz.

B12(φ1, φ2) = T (φ1, γ
1/2(φ2))

so that a bilinear form can be defined on Φ1 ⊕ Φ2 by

B+((φ1, φ2), (ρ1, ρ2)) = B1(φ1, ρ1) + B2(φ2, ρ2) + B12(φ1, ρ2) + B12(ρ1, φ2).

The gaussian measure defined on Φ′1 ⊕Φ′2 by this form then projects under the map κ′

of (22) to the measure µ obtained by considering S as a whole.
Given a state α : Φ′ → C we can localise this to S1 by noting that the projection

p1 : Φ1 ⊕ Φ2 gives a map ι1 := κ ◦ p1 : Φ → Φ1, and hence by duality a map
ι′1 = p′1 ◦κ′ : Φ′1 → Φ′ consistent with the measures on these spaces. Thus α◦ ι′1 gives
a state on S1, the restriction of the state α.

One minor complication stems from the fact that, while states on S restrict to states
on submanifolds, the space of states on S is not quite the same as the tensor product of
states on S1 and S2, reflecting the sequence (22), which arises from the fact that distri-
butions whose support is entirely in the common boundary of S1 and S2 are included
in the field spaces of both submanifolds.

The space Φ′ is thus (Φ′1 ⊕ Φ′2)/D, where D = κ′(Φ′∂) consists of distributions
that measure the discontinuity across the boundary of S1; and hence quantum states do
not constitute the whole of the tensor product space H1 ⊗H2 but only the functions in
this space that are constant on the equivalence classes D + ψ for ψ ∈ Φ′1 ⊕ Φ′2.

This is a feature of focusing on quantisation in terms of field theory: on a hierarchi-
cal approach, if we were considering, for example, the quantum theory of a dynamical
system supported by an organ in the brain, it would be clearer on physical grounds
what was inside and what outside the system.
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